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Introduction
At the end of the evolution of massive stars a dense core composed basically of the iron group nuclei is formed. At this stage the star core becomes dynamically unstable against gravitation, due to processes such as photo dissociation of nuclei and electron capture, which significantly reduce the hydrostatic pressure. So, inevitably the core collapses. During the gravitational collapse up to 99% of the available gravitational binding energy is expended on the production of neutrinos (∼ 10 53 erg) which initially escape from the collapsing core, and only around 1% is converted into kinetic energy of the ejected star material, gravitational waves and electromagnetic radiation. The gravitational collapse can lead to the formation of a neutron star, a black hole, or even the complete disruption of the star, depending on the value of the star core mass prior to the gravitational collapse.
Neutron stars are fast rotating systems whose periods of revolution can be as low as few milliseconds. The rotation causes nonsphericity and part of the gravitational binding energy can be expended in the form of gravitational waves.
The complete analysis of the gravitational collapse of a supernova core and the formation of a neutron star is a very complicated task only achieved through complex numerical codes. On the other hand, these calculations require the knowledge of a large number of physical inputs which have in general large uncertainties. In this context, it may be interesting to formulate simplified models based on reasonable assumptions which however are able to capture the basic aspects of the corresponding problem.
In this work we present such a type of simple description of the final state of the gravitational collapse of a uniformly rotating star core. The stellar matter is treated as a cold compressible homogeneous fluid with a barotropic zero-temperature equation of state ε = ε(p), where ε is the energy density and p(ρ) is the pressure. We solve numerically the equations of motion for the semi-axes of the core star, taken as the dynamic variables of the collapsing system with rotation.
An effective Lagrangian of the ellipsoid is constructed incorporating the kinetic energy associated with the radial motion, the rotational energy, the gravitational energy and the internal energy, written in terms of the semi-axes of the ellipsoid and their time derivatives. We then solve numerically the equations of motion for the three semi-axes of the protoneutron star, for a given initial condition. The generation of gravitational waves is treated within the weak field limit approximation, providing two additional equations, one describing the rate of the radiated energy and one describing the rate of the angular momentum loss. The method can be used to estimate the intensity of the radiated gravitational waves.
The Model
The dynamics of a rigidly rotating neutron star is approximated by a compressible homogeneous triaxial ellipsoid. We construct an effective Lagrangian L = K − W − U rot − U int , with K being the translational kinetic energy, W the gravitational potential energy, U int the internal energy, and U rot the rotational kinetic energy. All quantities are written in terms of the semi-axes of the ellipsoid a 1 , a 2 , and a 3 , and their respective time derivatives.
The gravitational potential energy of the triaxial ellipsoid is given by
where A is defined by
where
with
The coefficients A i satisfy the relationship ∑ The rotational energy measured in the rest frame fixed at the ellipsoid center is given by
.
The equations of motion for the three generalized coordinates extracted from the Lagrangian of the system readä
7)
where P is the fluid pressure. Let us assume that the source of gravitational waves has a mass quadrupole moment tensor D αβ . The rate of energy loss due to the emission of gravitational waves in the weak field limit is given by [2] 
Thus, in the approximation of quadrupole radiation the power emitted by an ellipsoid rotating rigidly about the x 3 -axis at a single frequency Ω is given by [4, 5, 6 ]
On the other hand, the rate of angular momentum loss can be also determined as [3] 
Results and Conclusions
We solve numerically the equations of motion for the three semi axes of the protoneutron star for a given initial equilibrium condition. The generation of gravitational waves is treated within the weak field limit approximation, providing two additional equations: one describing the rate of the radiated energy and other one describing the rate of the angular momentum loss.
Here we assume the initial equilibrium configuration of the protoneutron star is a homogeneous triaxial ellipsoid, composed of purely hadronic matter. The mass, the eccentricity of the meridional sections and the semi-axes are determined by the gravitational meta-stable initial condition, prescribed for a given mass M and total angular momentum J. The damping of oscillations is modeled phenomenologically by the terms [7] −ȧ
which are added to the right-hand side of equations (2.7) and (2.9), respectively. The relaxation time τ rel is scaled by
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α being a constant factor and τ J the Jeans characteristic time, defined by
where ω = √ 4πGρ is the characteristic frequency of the system. Figure 1 shows the time evolution of the three semi axes of a fast rotating 1.6 M protoneutron star. The initial angular momentum of the protoneutron star is J = 2.0 × 10 49 g.cm 2 .s −1 . As we can see, the emission of gravitational waves leads the protoneutron star to reach an oblate esferoidal form as the final equilibrium configuration, restoring the axial symmetry.
In part-a of the panel of the Figure 2 the power of the radiated gravitational wave is depicted as a function of time. We see that the power of the emitted gravitational waves decreases as the axial symmetry of the rotating neutron star is restored. In part-b one shows the time evolution of the angular momentum of the neutron star. In part-c we can see the time evolution of the angular velocity of the neutron star. In spite of the decrease in the angular momentum of the neutron star due to the emission of gravitational waves, we observe a significant increase in the angular velocity of the neutron star. This increasing is caused by the variation of the moment of inertia of the neutron star. Finally, part-d shows the increase of the density of the neutron star.
In conclusion, in this work we have presented a simplified description of the gravitational waves generated by a rotating collapsing core. Starting from a triaxial form, the neutron star assumes the final form of a fast rotating oblate spheroid as a consequence of gravitational wave radiation. The final state of the initial ellipsoidal protoneutron star is a uniformly rotating oblate spheroid
